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Abstract 

Proper lattices for the discrete BKP and the discrete DKP equaitons are determined. Linear 
Backlund transformation equations for the discrete BKP and the DKP equations are constructed, 
which possesses the lattice symmetries and generate auto-Backlund transformations 



1 Introduction 



Discrete counterpart of the KP equation, known in the name of discrete KP equation or Hirota Bihnear 
Difference Equation (HBDE) ||^ , plays a central role in the study of integrable nonlinear systems. It 
embodies infinite number of integrable differential equations. It is satisfied by string correlation function 
in particle physics [||, and is also satisfied by transfer matrices of some solvable lattice model 

The equation possesses auto-Backlund transformation which acts on the solutions to the discrete KP 
equation and turns n-soliton solution to n+l-soliton solution This transformation is generated by a 
pair of linear equations. I call the equations Linear Backlund Transformation Equation (LBTE) in this 
paper. They also play the important role in the study of integrable systems. They are Lax pair of the 
discrete KP equation. They generate Bethe ansatz solution of some solvable lattice model. j2] 

On the other hand, from the structure of the discrete KP equation, dependent variables of discrete KP 
equation are considered to reside on face centered cubic (FCC) lattice. Indeed, the discrete KP equation 
does not change its form under the rotation of the FCC lattice. However, LBTE to the discrete KP 
equation changes those form under the rotation. 

In the previous paper 0, the LBTE are extended to possess the lattice symmetry, which I call the 
Symmetric LBTE in this paper and the following results are obtained. The extended equations were 
arranged in the form of 
matrix x vector= 

by considering the lattice symmetry. The condition that the extended equations have nontrivial solutions, 
i.e. vanishment of the determinant of the matrix, is just the discrete KP equation. Furthermore the 
extended equations were generalized to higher dimension due to the lattice symmetry itself. 

On the one hand, comparing with the KP hierarchy which possesses Aoo type Lie group symmetry 
acting on the space of solutions there are integrable hierarchies which possess the Baa or Doc Lie 
group symmetry behind them Q Q . Such hierarchies are known in the name of BKP, fermionic BKP 
and DKP hierarchy. To these hierarchies, one can find discrete equations corresponding to the discrete 
KP equation by considering the infinite dimensional symmetry behind them. What would happen, when 
one corresponds proper lattices to the discrete equations, and consider the lattice symmetry of LBTE's 
to these discrete equations? 

In this paper, I show the following results obtained by considering above question. 

First, proper lattices are determined by comparing the type of the infinite dimensional symmetries 
and the dimension of the discrete equations. The discrete equations are invariant under the rotation of 
the lattices. 
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Second, the LBTE to the discrete equation which possesses the lattice symmetry are constructed. 
The LBTE can be represented by the functions on the vertices of some regular polyhedrons in the lattice. 

Third, just the discrete equation is derived from the consistency condition for LBTE, when one 
considers following two types of consistency condition. One condition is determinant type consistency 
condition explained above and another one is condition similar to the compatibility condition for Lax 
pair, which is called compativility type condition in this paper. In some cases, LBTE can not be arranged 
in the form of matrix x vector=0, however, in such cases, compatibility type condition becomes just the 
discrete equation. Furthermore, by considering these two types of conditions, one can check that the 
LBTE generates auto-Backlund transformation for the discrete equation. 

After explaining main idea in the case of the KP hierarchy in section 2, I show the above results in 
the case of the BKP, fermionic BKP and DKP hierarchy in section 3 and 4. 

2 Case of the KP hierarchy 




Aoo symmetry of space of solutions to the KP hierarchy allows one to deal it in simple form ||7|. 
This section is devoted to summarize some results obtained in the previous paper , concerning to the 
discrete formula for the KP hierarchy and its LBTE. 

Lowest dimensional discrete formula belonging to the KP hierarchy, known in the name of discrete KP 
equation, is a 3 dimensional equation (See also Appendix) The equation is most fundamental 

equation among discrete formulae for the KP hierarchy, in the sense that higher dimensional discrete 
formulae can be decomposed to it. Discrete KP equation is the following. 

2122:34/(^1 + I,k2 + 1, fcs, ki)f(ki, fc2, fcs + l,/c4 + 1) 
-213^24/(^1 + 1, fe, ^3 + 1, k4,)f{ki, k2 + 1, kj, ki + 1) 

+ 2l4223/(fcl + 1, k2, fc3, ^4 + l)f{kl,k2 + 1, ^3 + 1, k^) = (1) 

Here, Zij is 

Zij Zi Zj (2) 
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and Zi(i = 1,2,3,4) are arbitrary complex constants. The equation seems defined on 4 dimensional 
lattice space. However, since the sum of the four variables does not vary in the equation, the equation is 
actually three dimensional equation. Indeed, the following variable transformation allows one to represent 
the equation by three variables, 

p = ki, q — k2, r — ks, n — ki + k2 + + k4 (3) 

First, I seek the proper lattice for the discrete KP equation. To find it, I relate a regular polyhedron 
to the discrete KP equation, and join the polyhedrons. The proper polyhedron is considered to be 
octahedron, because the equation connects f's on six points. In fact, when one considers the four variables 
to be orthogonal, the equation takes the form of a summation of the products of f on one vertex of 
octahedron and another f on opposite side vertex. By joining octahedrons, a FCC lattice is constructed. 
Thus, proper lattice for the discrete KP equation turns out to be FCC lattice. 

It is known that there exist equations which generate Backlund transformation |^ |^ . In the previous 
paper [Q , the equations are extended to possess the lattice symmetry of FCC lattice. Each of the equations 
takes same form with discrete formula of modified KP hierarchy Q . (See Appendix) The equations take 
the following form. 

-^^tjkiZkifkigj = 0, i = 1,2,3,4 (4) 

Where, eijki is the Levi-Chivita tensor and small indices on f and g mean to increase the variable corre- 
sponding to index by one. 
For example, 

51=5(^1 + 1:^2,^3,^4) /l2 = /(fcl + 1,^2 + 1,^3,^4) /ll = /(fci +2, fc2,/c3,fc4) (5) 

I called these equations Symmetric LBTE, in the previous paper. 

The Symmetric LBTE can be related to fundamental regular polyhedrons in FCC lattice, when one 
arranges these equations suitably. Fundamental regular polyhedrons in FCC lattice are octahedron and 
two tetrahedrons. There are two such arrangements. One of which is as follows. 
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Another arrangement is to construct the elements of matrix and vector with g and f. In both of the 
arrangements, f and g in the matrix elements are on vertices of an octahedron. On the other hand. 
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each g and f in the vector elements are on vertices of a tetrahedron dual to each other. Note that the 
arrangements make the lattice symmetry of the equations manifest. 

Here is a further remark. FCC lattice is a root lattice of A-^ type Lie group, and two tetrahedrons 
and one octahedron is weight diagrams of three fundamental representations of A3 type Lie group. This 
implies that one can determine the regular polyhedrons and proper lattice for the discrete formula, by 
comparing the dimension of the equation and symmetric groups corresponding to the hierarchy. 

In what follows, I show that Symmetric LBTE generate Backlund transformation successfully. Here, 
"successfully" means the following: Whenever f satisfies the discrete KP equation, the Symmetric LBTE 
can be solved for g, and the solution solves the discrete KP equation automatically. 

First, both f and g in the Symmetric LBTE satisfy discrete KP equation when they satisfy Symmetric 
LBTE. To show it, we consider equation (|^) as 4 linear equations to be solved for four g's. This four 
linear equations can be solved only if the Determinant of the coefficient matrix vanishes. In this case, 
one can use the fact that Determinant of antisymmetric matrix is a square of Pfaffian. This fact leads 
the condition into the following compact form. 

Det{a,,) = {Pfaff{a,,)f 
= (-2122:34/12/34 - 213Z24/13/24 + 214223/14/23)^ = (7) 

This is nothing but the discrete KP equation. Now, one can exchange the role of f and g, by translating 
each equation in (||), so that g also satisfies the discrete KP equation. Remark, that this explanation 
depends essencially on the arrangement of the Symmetric LBTE. 

Second, Symmetric LBTE can be solved for g whenever f satisfies the discrete KP equation. This 
fact and first statement show that Symmetric LBTE generate Backlund transformation successfully. 
However, it requires little more consideration. In fact, other consistency condition than determinant type 
consistency condition arises as follows. Consider the determinant type consistency condition is already 
satisfied. Then, since the rank of the coefficient matrix is 2, two equations out of four equations in 
remain independent. I chose such two equations as first two equations in (^). For simplicity, I express 
the equations by the variables p, q, r in (|^). 

1 : Z3ifr9q - Z2ifqgr + Z23fqrg = 

2 : -zufpgr + zi^Jprg + z^^frgp = (8) 

These two equations provide several ways to obtain g on one point from g on other points. The value of 
obtained g needs to be independent on the choice of the ways. For example, in figure 1, one can require 
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the value of g(H) from g(A), g(B), g(C), according to following two procedures. 

1 g{A),g{B)^g{F) 
g{B),g{C)^g{G) ^ g{Fl g{G) ^ g{H) 

2 g{A),g{B)^g{D) 

g{B),g{C)^g{F) ^ g{D) , g{F) ^ g{H) (9) 

One can evaluate the value of g on one point from the values of g on two points by using the equation cor- 
responding to the number over the arrow (^).Here, arrow represents that process. After some calculation, 
two procedures lead the following expressions of g(H). 

1. r.(U\ „f A\ ZliZ'2ifpqfqr , Z31Z32 fpqr fqr , ^ 214,232 fpq fqrr , Z3iZ2ifpqrfq -^ 

1- 9[J^)^9[A) — — — \-g[C) — — \-g[B)( — — 1 T~r) 

ZaiZsiJqrJrr 23/^X34^ J qr J rr ^34 ^34 /gr/rr 234Z34/(jr/r 

2- g{H) = gjA) ^^'^^'^'^^^''^'''^ ^ ^^^^ ^^31^32/p9r/qr ^ ^^^^^ Z24Z32fpqfprr ^ Z32ZlAfpqrfp s^ ^-^^^ 

Z3iZ3ifqrfrr ^34 ^34 /gr/rr ^34 2:34 /pr/rr Z34Z34fprfr 

These two g(H)'s need to coincide. By equating the coefficients of g{B), one can express the condition 
as follows. 

JpiIe^ X (e^- - = (11) 

Z3JqrJpr Jrjpq 

Here, e^' acts on arbitrary functions from leftside and increases the variable corresponding to index i by 
one in the function. In the equation Discrete KP expresses the right hand side of equation (|^). The 
coefficients of g{A), g{C) automatically coincide. Thus, in this case, the condition is satisfied if f satisfies 
the discrete KP equation. 

However, this compatibility condition guaranties the existence of solution of g to Symmetric LBTE. 
To show it, I first put initial value of g on the plane p+q=c. Here c is arbitrary constant. Using the two 
equations in (^0|) independently, one can obtain g's on the plane p+q=c+l. To make the value of g on 
the plane p+q=c+l unique, I impose the following condition on initial value of g. 

~Z24fpqgpr + Z23fpqrgp _ ^Zi^fp^gq^ + Zi3fpq^gq 
■Zsfpr ^34 /qr 

If the compatibility condition is satisfied, this condition is also satisfied by g's on the plane p+q=c+l. 
Therefore one can inductively construct g's on all lattice point, if the compatibility condition is satisfied. 
This concludes that there exist at least one solution of g for Symmetric LBTE with f being a solution to 
the discrete KP equation. 
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3 Case of the BKP and the fermionic BKP hierarchy 



G 




B E 



Lowest dimension discrete formulae belonging to the BKP and the fermionic BKP hierarchy are known 
to be as follows |]§|]. (See Appendix) 

ai2&23a3l/l/23 + fll2a23^3l/2/l3 + ^12023031/3/12 + &12&23&3l//l23 = (13) 

Here, and btj are constant coefficients, and can be expressed as 

BKP a.ij = Zi + Zj , bij = Zi — zj 
fermionic BKP = 1, 6^ ^ Zi — Zj (14) 

respectively. Here, Zi{i — 1,2,3) are arbitrary complex constants. The equation is called discrete BKP 
equation, for the first choice of coefficient in ([l^). However I call the equation discrete BKP equation for 
both cases, neglecting the difference of the coefficients. 

By considering the modified BKP hierarchy and the modified fermionic BKP hierarchy ^ , one can 
obtain LBTE for the equations. Collecting the discrete formulae which depend on variables appearing 
in the discrete BKP equation, in the modified BKP hierarchy, the following three equations can be 
obtained. (See Appendix) 

= 1,2,3 (15) 

The discrete BKP equation is a three dimensional equation and connect f 's on eight points. Thus the 
cube may become proper regular polyhedron for discrete BKP equation. Indeed, when the three variables 
p,q,r are considered to be orthogonal, the equation takes the form of summation of products of f on one 
vertex of the cube and another f on opposite side vertex. What is obtained by joining cubes is a simple 
cubic lattice. Therefore I argue that the simple cubic lattice is the proper lattice for the discrete BKP 
equation. Note that a cube and simple cubic lattice are obtained as weight diagram of a fundamental 
representation and root lattice for i?3-type Lie group, respectively. 



On the other hand each of the equations in LBTE connects f 's and g's on a square. It does not change 
its form under the exchange of f and g. 

As in the case of the discrete KP equation, discrete BKP equation appears as consistency condition 
for the LBTE, by arranging the LBTE in symmetric form. In simple cubic lattice, fundamental regular 
polyhedron is a cube. Thus such symmetric equations may connect f and g on a cube. Indeed, by 
collecting equations in LBTE corresponding to 6 squares of a cube, one can make such equations. These 
equations do not take the form of matrix times vector. Thus determinant type consistency condition does 
not arise in this case. However compatibility condition may arise because one cube contains two parallel 
squares. Indeed, there are three ways to obtain 3123 from g , gi, gi, gs by using the equations. 

1: g,gi,g2^gi2 

g, 52, 53 523 52, 512, 523 5123 

2: 5,52,53^523 

5, 51, 53 ^ 513 53, 523, 513 5123 

3: 5,51,52^512 

5,51,53 ^5i3 5i, 512, 513 ^ 5123 

(16) 

After some calculation these procedures lead to the following expressions of gi23- 

1 n , /-«31«12/23\ , /a31«12/23/l ai3a23/l2/3 , /l23 \ / 013^23/12 \ 

1 : 5123 = 5X0 + 51 ( , , f ) +52( , , . „ , , . . + -53( , , . J 

-O31O12/ 031612/2/ 013623/2/ 12 631623/ 

o n / 031012/23 \ /Oi2a23/l3N / ai2a23/l3./2 , ai2a31./23/l , fl23\ /-,„n 

2 : 5123 = 5 X 0-5i( , , . ) -52( , , „ )+53(^ ft + u f f + 

631612/ 612623/ 612023/3/ 612631/3/ /3 

These three expressions need to coincide. The condition becomes just the discrete BKP equation for f, 
after equating the coefficients of 51,51, 52,53 • 

In this case, each equation in the LBTE does not change it's form under the exchange of f and g. This 
means that g also needs to satisfy discrete BKP equation, to be able to solve the LBTE for f. Therefore 
the LBTE can be solved for g only when f satisfies discrete BKP equation, and the solution also satisfies 
discrete BKP equation automatically. 

To verify the existence of solution of g to LBTE, I construct a surface on which initial value of g 
is put and move the surface, as before. From the structure of the LBTE, such surface turns out to be 
constructed from two plane ^1 + ^2 + ^3 = and ^1+^2 + ^3 = c + 1. Here c is arbitrary integer. By 
using three equations in LBTE independently, one can obtain the value of g on fci + ^2 + ^3 = c + 2. 
Thus, the conditions to make these procedure equivalent need to be imposed on initial value of g on two 
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planes ki + k2 + — c and ki + k2 + k^ — c + 1. 




(^23/13512 



(&23/12523 



{buf 12913 






(18) 



These conditions do require no consistency condition. Namely one can find initial value that satisfy 
these conditions. Such initial value of g provides g on fci + fc2 + ^3 — c + 2. Thus, by showing g on 
ki + /s2 + fcs = c + 1 and ki + k2 + k^ = c + 2 automatically satisfies the condition ( p^ , one can verify the 
existence of solution of g to LBTE recursively. That condition becomes just the compatibility condition. 
As a consequence, one can verify that there is at least one solution of g for LBTE whenever f satisfies 
the discrete BKP equation. 

4 Case of the DKP hierarchy 

Lowest dimensional discrete formulae which belong to the DKP hierarchy |^ are the following two equa- 



where Zijk = ZijZjkZki ■ In these equations, f represents r-function for DKP hierarchy, but some variable 
transformation is performed. (See Appendix) We call these equations discrete DKP equations. 

I first seek the regular polyhedrons and proper lattice for these equations. In this case, one can not 
see figures, since the equations are defined on four dimensional lattice space. However, consideration 
in the previous cases suggests that one can find it by considering representations of I?4-type Lie group. 
Namely, the regular polyhedrons may be obtained as weight diagrams of fundamental representations for 
-D4-type Lie group, and the proper lattice may be the root lattice for the group. The Dynkin diagram 
for D4-type Lie group is as follows. 



tions. 



2:14223/23/14 - Z13Z24/13/24 + ^12^34/12/34 - Zi2Zi3Zi4Z23Z2iZ34fi234:f = 



^23^24^34/234/1 — 2:13214224/134/2 + 212214Z24/124/3 ^ Z12Z13Z23 /123/4 = 



(19) 
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o o. 



o 4 

The root vectors corresponding to the indices in the figure can be represented in Cartesian coordinate as 
follows. 

ai = (1, -1, 0, 0), a2 = (0, 1, -1, 0), = (0, 0, 1. - 1), = (0, 0, 1, 1) (20) 

In this choice of coordinate, weight diagrams of three fundamental representations corresponding to 
Dynkin indices 

[1,0, 0,0], [0,0, 1,0], [0,0, 0,1] 

become the following three 4 dimensional reguler 16-hedrons. 



[1,0,0,0] 


[0,0,1,0] 


[0,0,0,1] 


(1,0,0,0) 


(1,1,1,0) 


(1,1,1,1) 


(0,1,0,0) 


(1,1,0,1) 


(1,1,0,0) 


(0,0,1,0) 


(1,0,1,1) 


(1,0,1,0) 


(0,0,0,1) 


(0,1,1,1) 


(1,0,0,1) 


(-1,0,0,0) 


(1,0,0,0) 


(0,1,1,0) 


(0,-1,0,0) 


(0,1,0,0) 


(0,1,0,1) 


(0,0,-1,0) 


(0,0,1,0) 


(0,0,1,1) 


(0,0,0,-1) 


(0,0,0,1) 


(0,0,0,0) 



(21) 

Two Discrete DKP equations connect f's on [0,0,1,0] type and [0,0,0,1] type regular 16-hedrons respec- 
tively. Therefore, proper lattice for discrete DKP equations turns out to be the root lattice for 154-type 
Lie group. 

Collecting the discrete formulae that depend on variables arising in discrete DKP equations, in mod- 
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ified DKP hierarchy y], one can obtain foUowing 8 hnear equations 

,1 

jki 



'^{-^eijkiZkifkWj + -^Zjkifgjki) — 



'^{-^f^ijkiZjkfig^k + QZjkifjkig) = 
Jkl 



(22) 



In each of the equations in (p^), / and g are difincd on two tetrahedrons dual to each other. 8 tetrahedrons 
arise in both equations of (|2^). We study how these tetraherons appear in root lattice for £'4-type Lie 
group, to arrange these equations in symmetric form. There are 24 tetrahedrons in the root lattice for 
-D4-type Lie group. Three regular 16-hedrons in contain 16 tetrahedrons in it. 8 tetrahedrons arising 
in (^) are the tetrahedrons which are simultaneously contained in [0,0,1,0] and [0,0,0,1] tetrahedrons. 
Therefore, by arranging the equations to the form in which g is on [0,0,1,0] or [0,0,0,1] regular 16-hedron, 
the symmetric arrangements may be obtained. In fact, in each of the case, f turns out to be on [0,0,0,1] 
and [0,0,1,0] regular 16 hedrons respectively. Moreover the equations can be summarized in the form of 
regular matrix times vector. 
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(24) 

These arrangements make the lattice symmetry of the equations manifest. 

In this case, the symmetric arrangements induce two determinant type consistency conditions, since 
they take the form of matrix times vector. One finds that these two determinants are just the four square 
of two discrete DKP equations, after some calculation. 



(214223/23/14 - 213Z24/13/24 + 212234/12/34 - 212213214223224234/1234/)'*= 

, ,4 
(223224234/234/1 - 2132:14224/134/2 + 212214224/124/3 - 212213223/123/4) = 



(25) 
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Thus, two discrete DKP equations arise as consistency conditions for LBTE. This concludes that, when 
one solves the equations for g provided f being a solution for discrete DKP equation, g also satisfies 
discrete DKP equations, since the equations are invariant under the exchange of f and g. 

One can prove the existence of solution for g to LBTE with f being a solution to discrete DKP 
equations, by using the same method as in the previous cases. Namely, one can consistently evaluate g 
from initial value of g defined on some surface, whenever f satisfies discrete DKP equations. I first gather 
equations which remain independent after imposing the determinant type consistency conditions. To do 
it, I concentrate on equations (|2^). When the determinant type consistency condition for these equations 
is imposed, the rank of the coefficients matrix becomes 4. Thus, out of 8 equations in (p2[), 4 equations 
remain independent. I take such four equations as follows. 

: —2:34/134(712 — 2:24/124513 — 2:23/123314 + 224234223/131234 = 

1 ■ 223/234314 — 213/134524 + 212/124534 — ^12223213/451234 = 

2 : —224/234513 + 214/134523 — ^12/123534 + ^14224212/351234 = 

3 : 234/234512 — 214/124523 + 213/123524 — 214Z34Z13/251234 = 

(26) 

However, these equations become dependent in ( p^ ) when the determinant type consistency condition is 
imposed to it. Namely, one equation out of 4 equations becomes a summation of other three equations 
when f satisfies discrete DKP equations. I choose latter three equations in ( p6| ) as such three equations. 

Each of the three equations allow one to evaluate, from g on A;i+A;2+/s3 + fc4 = c, g on /si+/s2+/s3+/s4 = 
c+ 1. However, the conditions for g's obtained by each of the LBTE to coincide, need to be imposed on 
initial value of g. The conditions becomes as 

223/234514 — 213/134524 + 212/124534 
—2:12223214/4 
_ -224/234513 + 2:14/134523 - 212/123534 
214224212/3 
_ 234/234512 — 214/124523 + 213/123524 
—2:14234213/2 

(27) 

Each of the equality represents the coincidence of 51234 obtained by three equation in (|2^). These 
conditions require no more consistency condition. Hence one can recursively construct the solution of g 
to LBTE, when the obtained g also satisfies the same condition. This is the case, when f satisfies the 
discrete DKP equations. I show it for the first equality in equation (p^, as an example. It can be shown 
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by comparing following two procedures. 



g{B),g{A),g{C)^g,2 
g{A),g{D),g{E)-^g2z 
g{E),g{G),g{H)^g3, 
g{B),g{A),g{F)^gu 
g{A),g{D),g{G)~^g24 
g{C),g{E),g{H)^gu 



512, 323, 51234 



5l4, 524, 534 51234 



(28) 



Where, 



A= (0,0,0,0) B= (1,-1,0,0) C= (0,-1,1,0) 
I? = (-1,1,0,0) £ = (-1,0,1,0) F=(0,-1,0,1) 
G=(-1,0,0,1) iJ = (-1,-1, 1,1) 



(29) 



Here, I substitute 1 into c for simplicity, but it does not lose generality. In these procedures , the value of 
5(0,0, 1, 1) can be obtained by using three equations in (^6| ) independently. This requires conditions, in 
the form of (|27|), to be imposed on g on the plane fci+fc2+fc3+fc4 = —1. By using these conditions, one can 
omit 5 (i^) and 5(C) in (p8|). Equating the coefficients of remaining five g's on the plane fci + A;2 + ^3 + fc4 = 
— 1, one can convert the condition into 



5(G) 



/(0, 1,1,1)7(1,0,0,0) 



Zi4Zi2Zi3Z23Zl4Z24:Z3ifi-'i^: 0, 1, l)/(0, 0, 0, 1) 



(1- 

= 



,-(9l -02 -1^ ^14^34^13/2/134 — ^14^24^12/3/124 + ZpqZl3 223/123/4 ^ 



/234/1 



(30) 



9iE) 



/(0,1,1,1)/(1,0,0,0) 



^14Z24^34^:i22;?3223/(-l, 0, 0, 0)/(0, 0, 1, 0) 

= 



31-92-^^ ^13^14^34/2/134 + ^12^:14^^24/124/3 - ^^12^:13^23/4/i23 n 



/l/ 



234 



(31) 



/(0,1,1,1)/(1, 0,1,1) 



^14^242?2-^23^13/(0, 0, 0, l)/(0, 0, 1, 0) 



(e- 



-di 



0% 



)( 



^14^23/14/23 — ^242^13/13/24 + ^34212/12/; 



34 N 



// 



1234 



13 



+ 



/(0,1,1,1)/(1,0,0,0)/(~1, 0,1,1) 

Z?4^242l2^?3^23/(-l, 0, 0, 0)/(0, 0, 0, l)/(0, 0, 1, 0) 
(1 - e-^-^^)(^^MfHlflHAHl^± -----13/123/4 - 



^14^34^13/134/2 



fif: 



234 







(32) 



All these equations are satisfied if f satisfies two discrete DKP equations. The equality of equation 2 and 
3 or 1 and 3 in (p^), can be shown by using similar approach. Thus, it is shown that, whenever f satisfies 
the discrete DKP equations, there is at least one solution of g to LBTE. 



A Appendix: discrete formula for the integrable hierarchy 



Integral identity known in the name of bilinear identity ||5[[g|, leads all the equations satisfied by the 
T-function of the integrable hierarchy. The discrete formulae that appear in this paper is also obtained 
from this identity. In this appendix, I briefly explain the way to obtain the discrete formulae from the 
bilinear identities, for completeness. 

A.l Bilinear identity for the KP hierarchy and the Modified KP hierarchy 

Bilinear identity for the KP hierarchy is as follows 

^^iix.z)-iix ,.)^(^ _ e{z-^))T{x' + e(z-i)) = (33) 

Here, x and x' are infinite dimensional vectors emboding infinite number of variables in the KP hierarchy. 

X={xi,X2,X3, ) (34) 

These variables are continuous variables in the sense that they become variables for differential equations 
contained in the KP hierarchy. e(z) is a vector represented as 

e(z) = (z,iz^....) (35) 

^ is the function of x and z represented as 

CX3 

ax,z) = y2-xnz^ (36) 

^ — ' n 

n=l 

By choosing x—x' properly, one can obtain all the equations satisfied by tau-function for the KP hierarchy. 

Infinite number of discrete variables are defined through Miwa transformation from continuous 
variables (^). 

dk^^^nd^^^ ^^^^ 

71—1 
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Here, z^'s are arbitrary complex constant and discrete variable exist for every different z^'s. 
Difference equations contained in the KP hierarchy depend on these variables. 

The differnce equation itself is obtained by expanding bilinear identity, after substituting appropriate 
summation of e(zi), e(z2), to x — x' . Dimension of the equations increases with the number of the 
terms contained in the summation . Most simple nontrivial equation in it is obtained when one substitute 
e(zi) + e(z2) + £(23) to a; — x' . After some calculation one obtains following equation, in this case. 

ZlZ23TkiTk^k3 + ^2^3lT'fc2Tfe3fei + 232:12^-3 '^fei fea = (38) 

Hence, the lowest dimensional discrete equation contained in the KP hierarchy is a three dimensional 
equation. Another three dimensional equation is obtained, when one substitute e(zi) + e(z2) + e(z3) — e{zi) 
to X — x' . That is the discrete KP equation employed in this paper. Replacing by Zi{i — 1,2,3), 
after suitable variable transformation, one can convince oneself that the discrete KP equation is same as 
equation (|^. 

Bilinear identity for the modified KP hierarchy can be obtained as a modification of the KP hierarchy's 
one 1^ . It takes the following form. 

i?es^=od^ze«(^'^)-«(^''^V'(x - e(z))r(x' + e(z)) = (39) 

By substituting summations of arbitary three of e(zi), e(z2), £(23), £(24) to a; — x' this identity leads to 4 
equations same as those in LBTE for the discrete KP equation. 

A. 2 Bilinear identity for the BKP hierarchy and the Modified BKP hierarchy 

Tau- function for the BKP hierarchy satisfies the following bilinear identity 

Res,^odz-e^^'=^''>-^^'-''''^T{x - 2e(z-i))r(x + 2e{z-^)) = t{x)t{x') (40) 
z 

Here, x,x',e and ^ are same as those for the KP hierarchy except the absence of variables of even 
number indices, i.e. 

X = {xi,X3,X5, ....) 
i{z) = {z,^z^,....) 

00 ^ 

a^^z) = Y.-o 7^2„-i2'"-^ (41) 

^ — ' In ~ I 

n=l 

By expanding this bilinear formula, one can obtain all the equations contained in the BKP hierarchy. 

Dependent variables for discrete equations which belong to the BKP hierarchy are difined through 
following variable transformation. 

d 1 d 

a^ = 2E 2n-19x2„-/* ^^^^ 

71 — 1 
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The discrete equations themselves are obtained by substituting the summation of e(zi), e(z2), £(2:3)... to 
X — x' . Most simple nontrivial equation is obtained when one substitutes £(2:1) + £(^2) + £(-23) to a; — x' . 
The equation is the discrete BKP equation. 

Bilinear identities for the Modified BKP hierarchy can be obtained as a modification of those for the 
BKP hierarchy and takes the following form Q. 

i?es^=orf^ie«(^'^)"«(^''^V(a; - 21{z-^))t[x + 2l[z-^)) = 2T{xy (x') - t' {x)t{x) (43) 
z 

By substituting summation of two of £(zi), £(22), £(23) to a; — x', one can obtain LBTE for discrete 
BKP equation used in this paper. 

A. 3 Bilinear identity for the fermionic BKP hierarchy 

Bilinear identity for the fermionic BKP hierarchy is|^ 

+i?esdzz"-'"-V(^'^)-«(^'^^)T„_i(2; - £(z))T„+i(a;' + t{z)) 
+i?esdz2"-""V(^'^)-«(^''^)r„+i(a; + £(z))r„_i(a;' - e{z)) = (44) 

where x', t{z) and ^(x, z) are same as those of the KP hierarchy, and n represents the charge in the free 
fcrmion description ||^ Variables for discrete equaiton are also same as those of the KP hierarchy. 
All the equations which belong to the BKP hierarchy can be obtained by chosing x — x' and n — m 
appropriately. Most simple nontrivial discrete equaiton is obtained when x — x' = £(-2i) + £(2:2) and 
71 — m = 1 or 3, and is 

■Z2T„+i(p+ l,g)T„+2(p, (7+ 1) + zir„+i(p, 9 + l)r„+2(p+ 

+ 2l2T„+i(p, (7)r„+2(p+ 1) + ZY2Z\Z2Tn(j>,<i)Tn+-i{v + 1,9 + 1) = (45) 

This equation is three dimensional equation when one considers n as one variable. To make the three 
variables equal footing, I transform these variables as follows. 

p = ki,q = k2,n ^ p + q (46) 

In these variables, the equation is expressed as 

Z2/1/23 + 2^1/2/13 + Z12/3/12 + Z12Z2Z1J J122, = (47) 

This equation is three dimensional discrete equaiton. However another three dimensional equaiton can 
be obtained when x — x' — t{zi) + £(2:2) ~ ^{zz) and n — m = 1. The equation is discrete fermionic BKP 
equation employed in this paper. 
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Bilinear identity for the Modified fermionic BKP hierarchy is 

= -^((-1)"+™ - lK{x)rm{x')+r4xK.i^') (48) 

By substituting arbitrary sums of two of e(zi), £(2:2), £(23) into x — x' , one can obtain three equations in 
LBTE for the discrete fermionic BKP equaiton. 

A. 4 Bilinear identity for the DKP hierarchy 

Bihnear identity for the DKP hierarchy is as foUows ^ . 

i?es,=orf2^"^""'e«(-'-)"«(-'^-)r„_i(a; - £(z-1))t„,+i(x' + e{z-^)) 

+i?es,=o(i2^""""'e-«"'^)+«("''^V„+i(x + e{z-^))T^.i{x' - e{z-^)) = (49) 

Here, n represents the charge in the free fermion description, x, x' , e and ^ are same as the KP hierarchy. 
Dependent variables for discrete equations which belong to the DKP hierarchy are also same as the KP 
hierarchy. All the equations which belong to the DKP hierarchy can be obtained by expanding this 
identity, when one choose n — m and x ^ x' approariately. Lowest dimensional discrete equations in it 
are obtained when x ~ x' — e(zi) + £(^2) + £(-23) and n — m — 2^A ov x — x' = e{zi) + e(z2) — £(^3) and 
n — m = 0, 2. However, two of these equations overlap with other two equations. As a consequence, the 
following two equations turn out to be the lowest dimensional discrete DKP equations. 

ZpZqr.fn{p,q+ 1-f + l)/n(P+ 1,9, 7") + ZqZrpfn{p +l,q,r+ l)/„(p, ^ + l,r) 
+ ZrZpqfn{p + 1,9 + 1 , r)/„ (p, g, T + 1) - ZpZqZrZpqZqrZrpfn+2iP+ 1,9 + l,r + 1 )/„_2 (p, 9, ?■) = 
ZqZrZqrfn-l{p, q+l,r+ l)/„-3(p + 1, Q, r) + ZrZpZrpfn-l{p + 1, r + l)/„-3(p, 9 + 1, ?") 

+ZpZqZpqJn^i{p+ 1,(/+ 1 , r)/„„3 (p, g, r + 1) + ZpqZqrZrpfn-lip + l,q+l,r + 1 )/„_3 (p, g, r ) = (50) 

These equations are 4 dimensional equations, considering n as one variable. To make the four variables 
equal footing, I transform these four variables as follows. 

p = ki,q ~ k2,r ~ k^, n ^ ki + k2 + k^ + k^ (51) 

In these four variables, the equations take the following forms. 

^12:23/23/14 - 2^132:2/13/24 + 21223/12/34 - 212213212:232223/1234/ = 
2232223/23/1 - 2132122/134/2 + 2122122/124/3 - 212213223/123/4 = (52) 

17 



However, one can obtain other four dimensional equations for the DKP hierarchy as in the previous 
case. One of which is obtained when x — x' ^ ^(^^i) + ^{^2) + £(-23) — £(^4) and n — m — 1, and is 
the first equation in the dicrete DKP equations employed in this paper. Another one is obtained when 
X — x' = + t{z2) + £(23) + £(2:4) and n — m = 4 and is the second equation in the discrete DKP 
equation. 

Modification of bilinear identity for the discrete DKP equation leads |^ 

fe^orf^^"""~'e«("'^)-«("''^)r;_i(a; - e(z-i))T„+i(x' + e(z-i)) 

= t„(x)t;„(x') (53) 

This identity is bilinear identity for the Modified DKP equation. By taking arbitrary summations of 
three of ^(z\)^ £(-^2), £(•23), £(-24), one can obtain 8 equations in LBTE for the discrete DKP equations. 
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